ity and higher congruences generally, to mention a few obvious omissions. We give a few references below. 3 2. Arithmetic functions. 4 It will be convenient to denote polynomials in x by capitals A, B, » • • , Z; elements of GF(p n ) and ordinary integers will be denoted by small letters. We write deg M for the degree of M and put \M\ -p nm , m = deg M; if the coefficient of the highest power of x in M is 1 we call M primary. The letter P will be reserved for irreducible polynomials. Evidently the number of primary polynomials of fixed degree m is p nm . Hence the J*-function for our domain becomes (2.1) fto-Errrr-E M I * w=0 p nm8 1 -p n^-8) for <ir\(s)>l; the first summation in (2.1) is taken over all primary polynomials. Now since the unique factorization theorem applies here we have
where f(k) denotes the number of (primary) irreducible polynomials of degree k. Comparison with (2.1) leads to the identity ks\f (k) (2.2) 1 -^u-> = II (! -P~k s ) by means of which it is easy to derive the familiar formula for ƒ (&) . We remark that (2.2) can be considerably extended. Similarly the number of quadrat-frei (simple) polynomials of degree m
Jg pnm pn (m-l) t In exactly the same way if d(M) denotes the number of (primary) divisors of M and <j)(M) denotes the Euler function (number of residues in a reduced residue system (mod M)) then we have the identities
1 -#«<»-> ' by means of which it is easy to evaluate Z S(M), Z 0(Af).
deg M=ra deg M=m
We remark that ô(ikf) and ^(Af) may be generalized in the following way
that is, the number of divisors of given degree k. Similarly 4>u{M) denotes the number of primary polynomials of degree k, each prime to M. These functions are useful in certain problems (see, for example, (3.8) below). 
is or is not a square in GF(p n ). The proof of this theorem is by induction. The case t = \ is easily proved. For the rest it suffices to prove the following three formulas
where the summation is over all primary A, B of degree 2k such that
and a, /3 are elements of GF(p n ), a/3(a+/3)^0. We sketch briefly a proof of the first of (3.6); by introducing certain additional notation we may prove all three formulas simultaneously.
It is convenient to make use of the divisor function bi(M) defined in (2.3). For this function we have the theorem
where k^j^i^2k, and the summation on the left is over all A, B satisfying (3.7). Then by (3.4)
where g(i, j) denotes the left member of (3.8) and e t = l-p~n t . Now using (3.8) the proof of the formula in question follows without much difficulty.
We have assumed p odd. For p = 2 the right member of (3.2) or (3.3) is a perfect square and therefore the problem is of no interest. However, in this case we may consider the number of solutions of
where nowJJ ft-^O. It may be shown that results similar to the above still hold. The final form of the result depends on whether the quadratic form a.iX
is irreducible in GF(2 n ). As a special case of some interest we take 
as follows from (3.6). Hence the number of solutions of (3.9) is pt-i(M). This result holds for all p.
The situation for an odd number of squares is quite different. Corresponding to (3.2) we consider Put 0 = ( -1) *€ai • • • ce 2 *+i or ( -1) ( aa\ • • • a 2 *+i according as (3.11) or (3.12) is being considered. For simplicity we limit ourselves to the case M quadrat-frei. Then the number of solutions of (3.11) or (3.12) is given by Also as a consequence of (4.2) we have From these formulas it follows in particular that
Now let g(t) =^2ait
pni be any linear polynomial in /. Clearly it may be expressed in the form $j3»^(/). The coefficients are readily determined by means of (4.7). Replacing / by tu we get the expansion As for £ it may be defined by (4.13) £ = limIt has recently been proved 9 that £ is transcendental relative to the field GF (p n , x) , that is, the field of rational functions in x with coefficients in GF(p n ). Applying the operator A to yp(t) we find (4.14)
repeated use of this formula leads to the multiplication formula
where M is primary of degree m. This in turn suggests the introduction of the linear polynomial O>M(U) defined by next put
with /x(J5) as in §2. Then WM(U) may be thought of as an analogue of the cyclotomic polynomial; in particular it is irreducible.
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Returning to (4.11) we find that the inverse of yp(i) is also of simple form, namely (4.16) X(*) = Ê(l/£<)* pWl .
i=0
As for the convergence of (4.11) and (4.16) if we take 
Ht + M& + MM + • • • + M^iS"-^) = Ht),
where 0 defines GF{p n ) and the Mi have coefficients in GF{p), then we may regard \j/(i) as an w-ply periodic function with respect to the smaller field. For the general case we put
in place of (4.14) we now have
which is characteristic. Using (4.20) we get a recursion for Ai,
It is easily verified that (4.19) converges for all t defined by (4.17). The multiplication formula (4.15) now becomes
thus defining a set of linear polynomials fi(u).
Power sums.
11 Going back to (4.2) it is not difficult to show that it implies (s.i) E --=(-i)--
In this identity put / = 0 and we get
so that by the remark at the beginning of §4, the sum of the reciprocals of the polynomials of degree m is, except for sign, the reciprocal of the L. C. M. If we expand (5.1) in descending powers of / it is easily seen that We outline a new proof of these formulas. Consider the sum (5.7)
Since (5.7) is a polynomial in t of degree w, it may be determined by assigning ra + 1 values to /. We take
Using the Lagrange interpolation formula together with (5.3) and (5.4) leads to the identity
In (5.8) take t = x pnk and we get (5.5) ; on the other hand interchange x and /, put t~x pnk , and the result is (5.6). We next construct a polynomial 13 G m (t) which is useful in evaluating more general power sums. Put The case p n -2 is covered by a supplementary theorem which we shall omit.
We remark that if the function f(t) has an inverse of the form ^2(Di/Li)t pn% , where the Di are integral, then for the coefficients of t/f(t) there is a decomposition into partial fractions similar to (6.8). This result evidently generalizes the above theorem on B m .
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